The innermost stable circular orbits (ISCO) of coalescing neutron starblack hole binary are studied taking into account both the tidal and relativistic effects. We adopt the generalized pseudo-Newtonian potential to mimic the general relativistic effects of gravitation. It is found that the separation of the neutron star and the black hole at the innermost stable circular orbit is greater than that obtained by using either the Newtonian potential (i.e. the case in which only the tidal interaction is included.) or the second postNewtonian equation of motion of point mass (i.e. the case in which the effect of general relativity is taken into account but the tidal force is neglected.). In equal mass cases, it is found that forā/m 1 > ∼ 3.5 withā and m 1 being the mean radius and the mass of the neutron star, the tidal effect dominates the stability of the binary system while forā/m 1 < ∼ 3.5, the relativistic effect, i.e. the fact that the interaction potential has unstable orbit, does. The effect of the circulation is also studied by comparing the Roche ellipsoids (REs) with *
I. INTRODUCTION
The laser interferometers like LIGO [1] , VIRGO [2] , GEO [3] and TAMA [4] are currently constructed and the detection of gravitational waves is expected at the end of this century. One of the most important sources of gravitational waves for these detectors is coalescing binary compact stars such as NS-NS, NS-BH and BH-BH binaries. Each mass, each spin and the distance of the binary can be determined by applying the matched filter techniques [5] to the gravitational wave form of the so-called last three minutes of the binary [6] . In the end of the last three minutes two compact stars coalesce and nonlinear character of the gravity and the tidal effects become important, which will be the most exciting part of the coalescing event.
It is known from the study of orbits of a test particle in the Schwarzschild metric that the innermost stable circular orbit (ISCO) exists at r = 6M. For binary cases, Kidder, Will, & Wiseman [7] investigated a point-mass binary using second post-Newtonian equation of motion, and found that the ISCO of the comparable mass binary is at r gr ≃ 7M tot where r gr is the separation of the binary in the Schwarzschild like radial coordinate.
As for the tidal effects, Chandrasekhar [8] studied the Roche limit by using Newtonian gravity and treating binary systems as incompressible homogeneous ellipsoids. He found that the stars are tidally disrupted before contact at r t = (2.25M tot /ρ) 1/3 for equal mass binary where ρ is the constant density of ellipsoids. For the typical neutron star with M tot = 2.8M ⊙ and ρ = 1 × 10 15 g/cm 3 , r t becomes 5.6M tot . Recently Lai, Rasio, & Shapiro [9] [10] have investigated the binary consist of finite size compressible stars using approximate equilibria. In a series of their papers, they took into account the effect of the quadrupole order deviation of stars and found that the hydrodynamic instability occurs at r h = 6 ∼ 7.5M tot for n = 0.5 polytropic neutron star with the radius R 0 = 2.5M tot .
In order to know at what radius the final merging phase begins, all three effects, that is, the general relativistic, tidal and hydrodynamic effects should be taken into account simultaneously since r gr , r t and r h have similar values of ∼ 7M tot . For this purpose we must solve the fully general relativistic equations, which is a difficult 3D problem in numerical relativity [11] although the partly general relativistic results have already been presented [12] [13] . To know the qualitative feature of the ISCOs we will use various approximations to calculate equilibria of the binary in this paper. The reward is that all the calculations can be done analytically so that our results will contribute some physical aspects to the final understanding of the ISCO.
In this paper, we will solve the Roche problem [8] as a model of the binary that consists of a finite size star and a point-like gravity source. A gravitational potential which has unstable circular orbits will be used as an interaction potential of the binary. Specifically, we generalize the pseudo-Newtonian potential proposed by Paczyńsky & Wiita [14] to mimic the general relativistic effects. We think that this model mimics a neutron star-black hole binary, and describes its qualitative behavior.
This paper is organized as follows. In §2 the basic equations necessary for constructing equilibrium configurations of the Roche ellipsoids (REs) and the Roche-Riemann ellipsoids (RREs) [15] are derived in the case that the interaction potential is general. In §3 circular orbits of the neutron star-black hole binary are calculated using the generalized pseudo-Newtonian potential to mimic the effects of general relativity and the results are shown in §4. In §5 our results are compared with those using the Newtonian potential and the second order post-Newtonian equation of motion . We use the units of c = G = 1 through this paper.
II. GENERALIZED ROCHE-RIEMANN ELLIPSOIDS
We first regard the black hole as a point particle of mass m 2 and denote the gravitational potential by the black hole as V 2 (r). To mimic the effects of general relativity by V 2 (r), we do not fix the form of V 2 (r) at the moment. Next we treat the neutron star as an incompressible, homogeneous ellipsoid of the semi-axes a 1 , a 2 and a 3 , mass m 1 and the density ρ 1 . We treat the self-gravity of the neutron star (V 1 ) as Newtonian. Although for mathematical convenience we assume the incompressibility for the equation of state, the effect of the compressibility can be easily taken into account in an approximate way [9] . Following Chandrasekhar [8] , we call the neutron star the primary and the black hole the secondary.
A. Second Virial Equations
We use the tensor virial method [8] , and derive the equations necessary for constructing equilibrium figures of this system. Choose a coordinate system such that the origin is at the center of mass of the primary, the x 1 -axis points to the center of mass of the secondary, and x 3 -axis coincides with the direction of the angular velocity of the binary Ω. In the frame of reference rotating with Ω, the Euler equations of the primary are written as
where ρ 1 , u i , P and R are the density, the internal velocity, the pressure and the separation between the neutron star and the black hole, respectively. Let us expand the interaction potential V 2 in power series of x k up to the second order. This approximation is justified if R is much larger than a 1 , a 2 and a 3 . We assume that the potential V 2 is spherically symmetric so that it depends only on the distance r from the center of mass of the secondary as
where r is given by
3)
The expansion of V 2 (r) becomes
where the subscript 0 denotes the derivatives at the origin of the coordinates. In the case of the circular orbit, we have from the force balance at the center
where δ is the quadrupole term of the interaction potential [9] . Substituting Eqs.(2.4) and (2.5) into Eq.(2.1), we have
Multiplying x j to Eq.(2.6) and integrating over the volume of the primary, we have
where
9)
and
In Eq.(2.7) there is no terms related to δ. Since it is possible to take the coordinate system comoving with the center of mass of the binary system, the term proportional to δ in Eq.(2.6) vanishes when we integrate over the volume of the primary. Eq.(2.7) is the basic equation to construct the equilibrium figures of the Roche ellipsoids (REs) and the Roche-Riemann ellipsoids (RREs) for the general potential V 2 (r).
B. Equilibrium Roche-Riemann Sequence
In this subsection, we show how to construct the equilibrium figures of the RREs. The Roche-Riemann ellipsoid is the equilibrium in which the shape of the primary does not change in the rotating frame although the uniform vorticity exists inside the primary. We restrict the problem to the simplest case where the uniform vorticity of the primary is parallel to the rotation axis, i.e. the primary is the Riemann S-type ellipsoid [8] .
We set the coordinate axes to coincide with the principal axes of the primary. For the uniform vorticity ζ, the internal velocity u i in the rotating frame is given by
For the stationary equilibrium, Eq.(2.7) is rewritten as
where Q ij is not zero only for
Eq.(2.17) has only diagonal components as We assume for simplicity that the gravitational potential of the primary is Newtonian. In this case, the potential energy tensor and the moment of inertia tensor of the incompressible, homogeneous ellipsoids are calculated as
where 
and the following relations are used;
(2.31)
Now from Eq.(2.5) Ω is given by 
. (2.33) Using Eqs.(2.28) and (2.32), we can determine the orbital angular velocity Ω by
Note that f R is related to the circulation C as
If there is no viscosity inside the primary, the circulation should be conserved from Kelvin's circulation theorem.
C. Total Angular Momentum
The total energy and the total angular momentum of the binary are the decreasing functions of time since the gravitational waves are emitted. If the total angular momentum has its minimum at some separation of the binary, we regard this point as the ISCO † . The total angular momentum of our system which is the sum of the orbital and the spin angular momentum is given by
where † Lai, Rasio, & Shapiro show in appendix D of [9] that the true minimum point of the total energy coincides with that of the total angular momentum. Strictly speaking, if the rotation includes only to the quadrupole order, this coincidence fails. However the difference is as small as the numerical accuracy [9] .
The first term in the braces of the right hand side of Eq.(2.37) comes from the orbital angular momentum of the binary system and the second does from the spin angular momentum of the primary.
III. GENERALIZED PSEUDO-NEWTONIAN POTENTIAL
There are variety of choices of V 2 (r) to mimic the general relativistic effects of the gravitation. We generalize the so-called pseudo-Newtonian potential proposed by Paczyńsky & Wiita [14] originally. This potential fits the effective potential of the Schwarzschild black hole quite well as we will show later. We will use the generalized pseudo-Newtonian potential defined by
where p = m 1 /m 2 and g(p) is the special term to fit the ISCOs of the hybrid second postNewtonian calculations by Kidder, Will, & Wiseman [7] . For p = 0, the generalized pseudoNewtonian potential agrees with the pseudo-Newtonian potential proposed by Paczyńsky & Wiita [14] . Fig.1(a) shows effective potentials (solid lines) and locations of circular orbits (dots) in our generalized pseudo-Newtonian potential ( p = 0 & r pseudo = r s ) and in the Schwarzschild metric. Although by this choice of the parameter (r pseudo = r s ), the locations of the ISCOs in the generalized pseudo-Newtonian potential agree with those in the Schwarzschild metric, the angular momenta at the ISCO are different, that is, the angular momentum in the generalized pseudo-Newtonian potential (J pseudo ) for p = 0 is (9/8) 1/2 times larger than that in the Schwarzschild metric (J Sch ) at the ISCO. Therefore in Fig.1(a) and (b) we compare circular orbits with different angular momentum related as
From Fig.1(b) we see that the radii of the circular orbits of the generalized pseudo-Newtonian potential agrees with those of the effective potential around Schwarzschild black hole within 10% accuracy near the ISCO. This is the reason why we believe that our generalized pseudoNewtonian potential expresses the effect of general relativity within 10% or so. Using Eq.(3.1) and Eq.(2.32), we can rewrite Eq.(2.34) as
whereā is the mean radius of the primary. In the generalized pseudo-Newtonian case, the quadrupole term δ is written as δ = 3 10 2a
(3.8)
We also have the separation of the binary as
. (3.10)
For the given mass ratio p, mean radius /bara/m 1 , circulation parameter f R and axial ratio a 3 /a 1 , we can determine the axial ratio a 2 /a 1 by solving Eq.(3.7) with Eqs.(3.8) and (3.9). Using the axial ratios (a 2 /a 1 , a 3 /a 1 ), we are able to calculate the orbital angular velocity by Eq.(2.34) and the separation of the binary by Eq.(3.9). The total angular momentum is calculated by Eq.(2.37). Finding the minimum of the total angular momentum, we can determine the location of the ISCO.
When the viscosity inside the primary is so effective that no internal motion exists, f R = 0 in the above equation, i.e. the Roche ellipsoids (REs). While if the primary is in-viscid and C = 0, we have f R = −2, i.e. the irrotational Roche-Riemann ellipsoids (IRREs). Note that if we substitute the Newtonian potential as an interaction potential, Eqs.(2.33) and (2.34) agree with the equations derived by Chandrasekhar [8] in the REs (f R = 0) case and those by Aizenman [15] in the RREs case.
IV. RESULTS
Kochanek [16] and Bildsten & Cutler [17] showed that the internal structure of a coalescing binary neutron star is the irrotational Roche-Riemann ellipsoids (IRREs). However we calculate both the REs and the IRREs for comparison. We show the results in four cases; 1) the REs with p = 1 or 0.1, 2) the IRREs with p = 1 or 0.1. Results are given in Table.I  to Table. VI, whereΩ = Ω/ √ πρ 1 represents the normalized orbital angular velocity, andJ denotes the normalized total angular momentum defined bỹ
ā is the mean radius of the primary defined bȳ
In Tables I to VI , † means the point of the ISCO defined in this paper, and ‡ does the point of the Roche limit where the Roche limit is defined by the distance of closest approach for equilibrium to be possible [8] . The values in the parentheses show the power of 10.
A. p = 1 Case Fig.2(a) showsJ as a function of the normalized separation R/r s . In Fig.2(a) , thin solid, dotted and dashed lines are the REs withā/m 1 being 3, 5 and 8, respectively, while thick solid, dotted and dashed lines are the IRREs withā/m 1 being 3, 5 and 8, respectively. We defined in § §II.C that the location of the ISCO is the minimum point ofJ. From Fig.2(a) , we see that the separations of the binary at the ISCO in the IRREs case are almost the same as those in the REs case. Fig.2(b) shows the axial ratios a 2 /a 1 and a 3 /a 1 as a function of R/r s . The conventions of lines are the same as those in Fig.2(a) . The relation among the length of the axes is a 1 > a 2 > a 3 in the REs, while a 1 > a 3 > a 2 in the IRREs. In the REs, the tidal force makes the a 1 axis long while it does a 2 and a 3 axes short. The centrifugal force makes a 1 and a 2 axes long. As a result we have a 1 > a 2 > a 3 . In the IRREs, in addition to the above effects, the Coriolis force caused by the internal motion of the primary exists. This makes a 1 and a 2 axes short, which yields a 1 > a 3 > a 2 .
From Fig.2(b) , it is found that in the IRREs the star withā/m 1 = 3 reaches the ISCO at the point of a 2 /a 1 ≃ 0.912 and a 3 /a 1 ≃ 0.918. On the other hand, the star withā/m 1 = 8 terminates when a 2 /a 1 ≃ 0.760 and a 3 /a 1 ≃ 0.792. This means that the primary with the smaller mean radius reaches the ISCO before the shape of the primary deviates from the sphere considerably. This tendency is the same for the REs.
B. p = 0.1 Case Fig.3(a) showsJ as a function of R/r s . The conventions are the same as those in Fig.2(a) exceptā/m 1 being 3, 5 and 8. From Fig.3(a) , we see that all lines with the mean radii in the range of 3 ≤ā/m 1 ≤ 8 take their minimum at the points near R/r s ∼ 3.25. This value is almost the same as the ISCO by Kidder, Will, & Wiseman [7] for p = 0.1. This means that when p is much less than 1 and the mean radius of the primary is less than 8m 1 which corresponds to 17km for m 1 = 1.4M ⊙ , the size of the primary has little effect on the ISCO. Fig.3(b) shows the axial ratios a 2 /a 1 and a 3 /a 1 as a function of R/r s . The conventions are the same as those in Fig.3(a) . We see that the stars with smaller mean radii reach the ISCO even when the deviation from the spherical symmetry is very small. Since the binary system enters an unstable circular orbit before the primary is tidally deformed, the tidal effects are not important. We see that evenā/m 1 ∼ 8 the minimum values a 2 /a 1 and a 3 /a 1 are not small (∼ 0.85).
V. DISCUSSIONS
In this section, we discuss the differences between the case of the generalized pseudoNewtonian potential and that of the Newtonian potential, and between the REs and the IRREs. We will also compare our results with other papers.
A. The Case of p = 1
In Fig.4 , the separation R ISCO /r s is shown as a function ofā/m 1 . Thick lines and thin lines represent the case of the generalized pseudo-Newtonian potential and that of the Newtonian potential, respectively. Solid lines and dotted lines express the case of the IRREs and the REs, respectively. We see that for the Newtonian potential, R ISCO /r s increases in proportion toā/m 1 regardless of types of ellipsoids, while for the generalized pseudo-Newtonian potential, the behavior of R ISCO /r s changes aroundā/m 1 ≃ 3.5.
Forā/m 1 > ∼ 3.5, R ISCO /r s increases in proportion toā/m 1 as in the case of the Newtonian potential. In this region, the tidal effect dominates the system and the effects of the general relativity become less important. In conclusion, forā/m 1 > ∼ 3.5, the tidal effect dominates the stability of the binary system and forā/m 1 < ∼ 3.5, the binary system is dominated by the relativistic effect, i.e. the fact that the interaction potential has an unstable orbit. From  Fig.4 it is also found that the location of the ISCOs in the IRREs case is not so different from that in the REs case for the sameā/m 1 .
The orbital frequency of the IRREs at the ISCO for m 1 = 1.4M ⊙ andā/m 1 = 5 is estimated fromΩ in Table.IV [7] . This is because the existence of the unstable orbit in the generalized pseudo-Newtonian potential influences R ISCO /r s , and this effect dominates when the radius of the primary is small. This is clearer for the small mass ratio p. Therefore if p is small, for the range of the radius (3 ≤ā/m 1 ≤ 8) relevant to the neutron star, the effect of the neutron star's size is very small. This comes essentially from the fact that the Newtonian estimate of the Roche radius is smaller than the radius of the ISCO.
One can estimate the orbital frequency of the IRREs at the ISCO for m 1 = 1.4M ⊙ and a/m 1 = 5 fromΩ in .3) with our results forā/m 1 = 5. It is found that for p = 0.1, the finite size effect is not important because the primary is much lighter than the secondary, so that the results are almost the same as [7] . On the other hand, when p = 1 the finite size of the primary increases the separation at the ISCO by the general relativistic and tidal effects.
Lai, Rasio, & Shapiro [18] , discussed the relativistic effects on the binary system for compressible Darwin ellipsoids using a simple approximate model [19] . The Darwin ellipsoids are the equilibrium configurations constructed by two identical synchronized finite-size stars including the mutual tidal interactions. In their approach the effects of general relativity and the Newtonian tidal interactions for finite-size compressible stars are combined by hand. While we formulated the problem using arbitrary interaction potentials of the secondary for the incompressible primary. We adopted the semi-relativistic potential called the generalized pseudo-Newtonian potential to mimic the general relativistic effects of gravitation. We solved the equilibria of the REs and the IRREs in this potential. Their results and ours are compared in Table. VIII, where r m expresses the minimum separation obtained by Lai, Rasio, & Shapiro [18] . From this table, we see that both results agree rather well inspite of different approaches and approximations. Table. I. Equilibrium Sequences of the Roche ellipsoids (REs) and the irrotational Roche Riemann ellipsoids (IRREs) with p = 1 andā/m 1 = 3. Table. II. Equilibrium Sequences of the REs and the IRREs with p = 1 andā/m 1 = 5. Table. III. Equilibrium Sequences of the REs and the IRREs with p = 1 andā/m 1 = 8. Table. IV. Equilibrium Sequences of the REs and the IRREs with p = 0.1 andā/m 1 = 3. Table. V. Equilibrium Sequences of the REs and the IRREs with p = 0.1 andā/m 1 = 5. Table. VI. Equilibrium Sequences of the REs and the IRREs with p = 0.1 andā/m 1 = 8. Table. VII. Comparison of our results (ā/m 1 = 5) with that of Kidder, Will, & Wiseman [7] in the cases of p = 1 and 0.1. 2R 2 , respectively. The dots express the place of circular orbits. The value of the effective potential of the Schwarzschild black hole at the infinity is shifted to zero. Fig.1(b) . The fractional deviation of the circular orbits of the pseudo-Newtonian potential from those of the Schwarzschild effective potential as a function of the angular momentum. Circular orbits with different angular momentum related as J pseudo = ( 1/2 } of the equilibrium sequence as a function of R/r s in the case that the mass ratio is p = 1. Thin and thick lines express the REs and the IRREs cases, respectively. Solid, dotted, and dashed lines denotē a/m 1 = 3, 5 and 8, respectively. Fig.2(b) . The axial ratios a 2 /a 1 and a 3 /a 1 of the equilibrium sequence as a function of R/r s in the case of the mass ratio p = 1. The top figure represents a 2 /a 1 , and the bottom does a 3 /a 1 . The conventions are the same as in Fig.2(a) . Fig.3(a) . The total angular momentumJ of the equilibrium sequence as a function of R/r s in the case of p = 0.1. The region around the minimum of the lines is magnified and shown in the upper right corner. The conventions are the same as in Fig.2(a) . Fig.3(b) . The axial ratios a 2 /a 1 and a 3 /a 1 of the equilibrium sequence as a function of R/r s in the case of p = 0.1. The top figure represents a 2 /a 1 , and the bottom does a 3 /a 1 . The conventions are the same as in Fig.2(a) . 
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